D-Brane Actions, Intrinsic Geometry and Duality by Zeid, M. Abou
ar
X
iv
:h
ep
-th
/9
71
21
63
v3
  2
2 
D
ec
 1
99
7
D-BRANE ACTIONS, INTRINSIC GEOMETRY AND DUALITY
M. ABOU ZEID
Physics Department, Queen Mary and Westfield College,
Mile End Road, London E1 4NS, U. K.
Abstract.We discuss an alternative form of the supersymmetric D-p-brane
action which is quadratic in derivatives of X and linear in Fµν . This action
involves an auxiliary worldvolume tensor and generalises the simplification
of the Nambu-Goto action for p-branes using a symmetric metric. When
the worldvolume gauge field is abelian, it appears as a Lagrange multiplier,
and solving the constraint gives the dual form of the (p + 1)-dimensional
action with a p − 2 form gauge field instead of a vector gauge field. This
is illustrated by the example of the dual D-2-brane action, for which the
known result is recovered.
1. Supersymmetric D-p-Brane Actions
The effective action for superstring theory in the presence of a D-p-brane
is the sum S = SD + S(p) of the bulk supergravity action SD and the
effective world-volume action S(p). The latter is the sum of a Dirac-Born-
Infeld type action [1, 2] and a Wess-Zumino term [3, 4], and it was shown
in refs. [5, 6, 7, 8], to be invariant under a local fermionic symmetry which
reflects the fact that the D-brane is BPS-satured and breaks half the space-
time supersymmetries [9].
We begin with a brief review of the usual form of S(p). The (flat) su-
perspace coordinates are the D = 10 space-time coordinates Xi and the
Grassmann coordinates θ, which are space-time spinors and world-volume
scalars. For the IIa superstring (even p), θ is Majorana but not Weyl while
in the IIb superstring there are two Majorana-Weyl spinors θα (α = 1, 2) of
the same chirality. The superspace (global) supersymmetry transformations
are
δǫθ = ǫ , δǫX
i = ǫΓiθ. (1)
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The world-volume theory has global type IIa or type IIb super-Poincare´
symmetry and is constructed using the supersymmetric one-forms ∂µθ and
Πiµ = ∂µX
i − θΓi∂µθ. (2)
The induced world-volume metric is
Gµν = GijΠ
i
µΠ
j
ν . (3)
The supersymmetric world-volume gauge field-strength F is defined by F =
F −B, and a convenient choice for the two-form B is [10]
B = −θΓ11Γidθ(dXi + 1
2
θΓidθ) (4)
when p is even or the same formula with Γ11 replaced with the Pauli matrix
τ3 when p is odd. With the choice (4), δǫB is an exact two-form and F is
supersymmetric for an appropriate choice of δǫA [10, 6].
The leading contribution to the effective supersymmetric D-p-brane ac-
tion with constant dilaton and zero cosmological constant then takes the
form
S(p) = −Tp
∫
dnσe−φ
√
− det(Gµν + Fµν) + Tp
∫
Wp+1
CeF (5)
The constant Tp is the p-volume tension with mass dimension p + 1, and
Wp+1 denotes the (p + 1)-dimensional worldvolume of the brane. Here C
represents the complex of differential forms C =
∑9
r=0C
(r) where the C(r)
are the pull-backs of superspace forms C(r) = dθT (r−2)dθ for certain r − 2
forms T (r−2) given explicitly in [7, 8, 5, 6], and it is understood that the
p + 1 form part of CeF , which is C(p+1) + C(n−2)F + 12C(n−4)F2 + . . ., is
selected. The bosonic part of the Wess-Zumino term gives the coupling of
the brane to the background Ramond-Ramond r-form gauge fields (where r
is odd for type IIa and even for type IIb). The case of the 9-form potential
is special because its field equation forces the dual of its field strength
to be a constant m. The backgrounds with m = 0 are the familiar type
IIa ones, while backgrounds with m 6= 0 are those of massive type IIa
supergravity [11]. In the m 6= 0 case the Wess-Zumino term given in (5)
requires m-dependent Chern-Simons modifications, and the bosonic part of
these were derived in [12]. The constant m will be taken to be zero here,
so that the 9-form potential vanishes; the generalisation of the discussion
below to the more general situation will be given elsewhere.
The action (5) is supersymmetric and invariant under local kappa sym-
metry [7, 8, 5, 6]. However, just as in the case of the usual Nambu-Goto
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action for a p-brane, the non-linearity of (5) is inconvenient for many pur-
poses. In particular, dualising the action has proved difficult in this ap-
proach, and has only been achieved for p < 5 [10, 13, 14, 15, 16, 17]. It is
therefore useful to generalise the simplification of the Nambu-Goto action
using an auxiliary world-volume metric gµν to the case of actions involving
world-volume gauge fields in addition to the induced metric Gµν . This was
achieved in ref. [18] by introducing an auxiliary tensor field
kµν ≡ gµν + bµν (6)
with both a symmetric part gµν and an antisymmetric part bµν . The su-
persymmetric D-brane action which is classically equivalent to (5) is
S = −1
2
T ′p
∫
dnσe−φ
√
−k [kµν(Gµν + Fµν)− (p− 1)Λ] + Tp
∫
Wn
CeF , (7)
where k ≡ det kµν and Λ is a constant. The inverse tensor kµν satisfies
kµνkνρ = δ
µ
ρ . (8)
For p 6= 1, the kµν field equation implies
Gµν + Fµν = Λkνµ (9)
and substituting back into (7) yields the supersymmetric D-brane action in
the DBI form (5) , with the constants Tp ,T
′
p related by
T ′p = Λ
1
2
(p−1)Tp. (10)
For p = 1, the action (7) is invariant under the generalised Weyl transfor-
mation
kµν → ω(σ)kµν (11)
and the kµν field equation implies
Gµν + Fµν = 1
2
kρσ(Gρσ + Fρσ)kνµ. (12)
The first term in the action (7) is linear in (Gµν +Fµν) and quadratic in
∂X, so it is easier to analyse than (5). Moreover, being classically equivalent
to (5), the action (7) is supersymmetric and invariant under local kappa
symmetry; this can also be checked explicitly.
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2. Dual Super D-p-Brane Actions
The dualisation of the action (7) can be achieved by adding a Lagrange
term 12H˜
µν(Fµν − 2∂[µAν]) imposing the constraint F = dA. Here the anti-
symmetric tensor density H˜µν is a Lagrange multiplier which can be inte-
grated out to regain the original action (7). Alternatively, integrating out
over Aµ imposes the constraint
∂µH˜
µν = 0, (13)
which can be solved in terms of a p− 2 form A˜:
H˜µν =
1
(p − 1)!ǫ
µνργ1...γp−2∂[ρA˜γ1...γp−2], (14)
where ǫµνρ... is the alternating tensor density. Now F is an auxiliary 2-form
occuring algebraically; we emphasize this by rewriting F → L, so that the
action is
−1
2
T ′p
∫
dp+1σ
{√
−k[kµν(Nµν + Lµν)− (p− 1)Λ] + 1
2
H˜µνLµν
}
+Tp
∫
Wp+1
CeL−B. (15)
The field equation for L is then
√
−kk[µν] + 1
2
H˜µν +
δf(L)
δLµν
= 0, (16)
where the potential f(L) = CeL−B is a polynomial of order [12(p + 1)] in
L (i. e. the integer part of 12(p + 1)), so that the field equation (16) is of
order [12(p + 1) − 1], which is at most quartic for p < 9. In particular, it
is quadratic for p < 5, so that the dual supersymmetric actions for the
corresponding D-branes should be obtainable straigthforwardly; this will
be illustrated in an example below, and will be discussed further elsewhere.
Here we will consider only the cases in which the action (7) is linear in F .
3. The D-Membrane
The dualisation of (the bosonic part of) the D-string action starting from
the form (7) was discussed in ref. [18]; here we consider the case of the
D-membrane of type IIa superstring theory. For p = 2, (7) reduces to the
following form of the D-2-brane action in the string metric,
S = −1
2
T ′2
∫
d3σe−φ
√
−k [kµν(Gµν + Fµν)− Λ]+T2
∫
W3
C(3)+C(1)F (17)
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with T ′2 =
√
ΛT2. Adding a Lagrange multiplier term
1
2H˜
µν(Fµν − 2∂[µAν])
to this action and integrating out the gauge field A gives the constraint (13),
which is solved in p+ 1 = 3 dimensions by
H˜µν = ǫµνρ∂ρS (18)
for some scalar field S. Substituting this back in the action and using a
density k˜µν =
√−kkµν with k˜ ≡ det k˜µν = −√−k gives
S = −
√
Λ
2
T2
∫
d3σ
{
e−φ
[
k˜µν(Nµν + Lµν) + Λk˜
]
+ ǫµνρKρLµν
}
+T2
∫
W3
C(3) − C(1)B, (19)
where L is an auxiliary two-form and we have defined
Kρ ≡ 1
2
∂ρS − 1√
Λ
C(1)ρ . (20)
Integrating out L yields the constraint
e−φk˜[µν] + ǫµνρKρ = 0, (21)
so that
k˜µν = g˜µν + H˜µν (22)
where H˜µν = −ǫµνρeφKρ, and g˜µν is the symmetric tensor density defined
by g˜µν = k˜(µν). Then det(k˜µν) = det(g˜µν)Ω, where Ω = det(δνρ + H˜νµ).
Using the identity det(1+X) = 1− 12trX2 valid for n = 3 and X antisym-
metric, we find
Ω = 1− 1
2
H˜νµH˜νµ = 1− 1
2
e2φg˜µρg˜νσǫ
ρνκǫσµδKκKδ
= 1 +
1
2
e2φgµνKµKν , (23)
where gµν = 1√−g g˜
µν is a symmetric tensor with inverse gµν , and g ≡
det(gµν). Using these results, the first term in (19) becomes
S = −
√
Λ
2
T2
∫
d3σe−φ
√−g [gµνGµν − ΛΩ] +
√
Λ
2
T2
∫
W3
B ∧K. (24)
The field equation for the metric gµν implies
gµν =
1
Λ
(
Gµν − Λ
2
e2φKµKν
)
. (25)
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Substituting this back in (24) and adding the second term in (19) yields
the dual action
S = −T2
∫
d3σe−φ
√
− det
[
Gµν − Λ
8
e2φ(∂µS − 2√
Λ
C
(1)
µ )(∂νS − 2√
Λ
C
(1)
ν )
]
+T2
∫
W3
(
−C(3) +
√
Λ
2
BdS
)
(26)
which agrees with that of [10, 13, 15, 16, 17] if we set Λ = 4. The dilaton
dependence can be removed by a rescaling of the superspace coordinates,
and this yields the standard M theory membrane action with a circular
dimension, as expected on the basis of the relationship between type IIa
superstring theory and M theory.
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